Almost all Dial-a-Ride problems (DARP) described in the literature pertain to the design of optimal routes and schedules for n customers who specify pick-up and drop-off times. In this article we assume that the customer is mainly concerned with the drop-off time because it is the most important to the customer. Based on the drop-off time specified by the customer and the customer's location, a pick-up time is calculated and given to the customer by the dispatching office. We base our formulation on a dynamic fuzzy logic approach in which a new request is assigned to a vehicle. The fuzzy logic algorithm chooses the vehicle to transport the customer by seeking to satisfy two objectives. The first reflects the customer's preference and minimizes the time a customer spends in the vehicle, and the second reflects the company's preference and minimizes the distance a vehicle needs to travel to transport the customer. The proposed heuristic algorithm is relatively simple and computationally efficient in comparison with most deterministic algorithms for solving both small and large sized problems.
and expresses a DDT, the time he or she would like to be dropped off at a given location. Although the customerprovided DDT may be exact, the FDARP algorithm assumes the customer is willing to be dropped off earlier than 71 DDT but no earlier than the earliest drop-off time (EDT). The customer's desired drop-off time is the latest drop-off 72 time at which the customer will be dropped off. 73 In a dynamic algorithm, vehicles have already been assigned routes for picking up and dropping off customers. 74 The fundamental problem is to assign a vehicle for the new request and indicate the pick-up time for the customer. 75 In addition to satisfying the customer's request by dropping the customer off within the time window of what the 76 customer desires, the algorithm seeks to minimize the time the customer spends in the vehicle (dwell time) and the 77 distance traveled by a vehicle. These two objectives may conflict with each other, and as detailed below, we use fuzzy 78 logic to trade off between these two objectives. This bi-objective problem incorporates both the preferences of the 79 customers, who want to ride in the vehicle as short a time as possible, and the preferences of the company, which 80 desires efficient use of its vehicles. Many DARP solutions (see [4, 25] ) exclusively focus on vehicle distance, time, 81 or cost, but companies also want to provide good customer service [7] . One way to reflect good customer service is 82 to minimize the time customers spend in a vehicle. We assume that all vehicles originate from one depot and that all 83 vehicles have the same capacity and are of the same type. Once a request is assigned, it is never modified. 84 The algorithm uses this objective to determine the actual pick-up and drop-off times for each customer. Given a list 85 of N customers, each specifying EDT i and DDT i (i = 1, 2 . . . N), the following relations must hold when determining 86 the actual drop-off time, ADT i , and the actual pick-up time, APT i , where DRT i is the direct ride-time between pick-up 87 and drop-off and MDT i is maximum dwell time that the customer is willing to spend in the vehicle:
Relation (1) states that the actual drop-off time must be between the earliest drop-off time and the desired drop-off 89 time. Relation (2) indicates that the actual pick-up time subtracted from actual drop-off time must be at least as large 90 as the direct time it takes to go from pick-up to drop-off, and that difference must not be greater than the maximum 91 time the customer is willing to spend in the vehicle. The maximum dwell-time MDT i could either be stated by the 92 customer, but more likely it will be predefined by the Dial-a-Ride company that a customer will not spend more than 93 a certain amount of time in the vehicle. This allows the company to pick up a passenger and make another stop before 94 dropping off that same customer and differs from the model proposed by Teodorovic and Radivojevic [25] . 95 
Proposed Solution

96
The proposed solution is composed of two major parts. The first part utilizes fuzzy numbers to determine when 97 a vehicle could pick up and drop off a potential customer. The second part deploys a fuzzy logic system or an 98 approximate reasoning algorithm to determine the optimal vehicle to pick up the customer. As mentioned earlier, fuzzy 99 numbers express imprecision. While most engineering design problems depend on objective knowledge, representing 100 mathematical models and equations, many real-life problems involve subjective knowledge, representing linguistic aimed at customers with a specified pick-up time, DPT . Unlike their algorithm, the proposed algorithm for this paper is designed for customers with a specified drop-off time, DDT , because we believe more emphasis should be given to FDARP sorts all pick-up or drop-off times for a given vehicle in ascending order. Since DDT i is the input to 138 FDARP, the insertion of the drop-off node i − occurs before the insertion of pick-up node i + . A non-trivial problem 139 emerges when these two nodes must be separated by another node, where each node represents a stop for a vehicle.
140
The following constraints must be satisfied for the actual drop-off time ADT i :
where AA e is the actual arrival time at node e (the node that precedes the drop-off node of customer i), T T ei − is the 142 travel time from node e to node i−, T T i − f is the travel time from node i− to node f (the node that succeeds the 143 drop-off node of customer i), and AA f is the actual arrival time at node f .
144
The FDARP algorithm for this first part is outlined in Algorithm 1. The algorithm assumes that all times are expressed as fuzzy numbers, to include drop-off and pick-up times, travel times, and arrival times, and we use the fuzzy arithmetic methods described by Teodorovic and Vukadinovic [29] and Kaufmann and Gupta [31] to ensure 147 that these operational constraints are satisfied. 1 The algorithm can also work assuming that all numbers are precise. 1 The greater-than inequality > in the algorithm is defined as follows. Let A = (a 1 , a 2 , a 3 ) and
node e. If this occurs, the current node e becomes node f and the new node e immediately precedes the current node 154 e.
155
After ADT i is determined, the next step is the insertion of node i + , which requires the calculation of the actual 156 pick-up time APT i :
where AA k is the actual arrival time at node k (the node preceding the pick-up node of customer i), T T ki + is the travel 158 time from node k to node i + , T T i + is the travel time from node i + to node (the node that succeeds the pick-up node 159 of customer i), and AA is the actual arrival time at node .
160
The FDARP algorithm first assigns node i + such that APT i = ADT i − DRT i . If this assignment violates Equation FDARP calculates a dwell score (dw j ) and a distance score (dis j ) for vehicle j. Both scores are functions of the The triangular membership functions are designed to reflect a dispatcher's subjective preference for a smaller dwell 187 time and a shorter distance traveled. Each membership function assumes that a score of 0 is completely small (e.g.,
188
small dwell time or short distance traveled) and a score of 1 is completely big (e.g., large dwell time or long distance 189 traveled). If the score equals 0.5, the resulting fuzzification is mostly medium with small and big at equal but lower Because each score is partly small, partly medium, and partly big due to the membership function, the output 193 is a distribution based on 3 × 3 = 9 relationships. Each of these relationships is depicted in Table 1 . For example,
194
IF the distance to pick up a new customer is small AND the dwell time is small, THEN the preference is VERY 195 STRONG. Given these preference relationships and the previously described membership functions, the Matlab fuzzy 196 toolbox calculates a numerical vehicle preference score ranging between 0 and 100. The vehicle preference score is 197 categorized into one of five categories according to the structure in Figure 5 : very weak, weak, medium, strong, and 198 very strong.
199
For example, if dw j = 0.2 and dis j = 0.5, the distance traveled by vehicle j to pick up a customer is mostly 200 medium, and the customer is dropped off pretty close to his or her DDT, so the fuzzification of dw j is mostly small.
201
The Matlab fuzzy toolbox returns a numerical output of 50.9, which corresponds to a medium preference for that 202 vehicle ( Figure 5 ). Although a small dwell time and a medium distance correspond to a strong vehicle preference, the 203 membership function for dw j classifies a significant proportion of dw j = 0.2 in medium and even big (Figure 3 ). If 204 the distance score is also 0.2, the numerical output is 61.5, and the vehicle preference is strong. 
Numerical Example 206
To the authors' knowledge, no benchmark data sets are available in the literature for the version of DARP studied 207 in this paper. Therefore, the behavior of the proposed method cannot be evaluated using data instances that have been 208 widely tested and the results cannot be compared to other optimum ones obtained in previous publications. Thus, in 209 order to analyze the efficacy of the FDARP algorithm, we have simulated instances according to realistic assumptions.
210
The performance measures used in this study, however, are very close to the ones used by Teodorovic and Radivojevic
211
[25]. The developed algorithms above were tested using two different simulations for a single day. Both simulations 212 start with a completely empty system. Customers call one at a time with a DDT i , EDT i , and LDT i , and the algorithms 213 determine the optimal vehicle to pick up and drop off customer i. Each DDT i is randomly generated from a uniform 214 distribution between 8 AM and 10 PM and EDT i = DDT i − 10 min and LDT i = DDT i + 10 min. The time it takes to 215 go directly from picking the customer up to dropping him or her off, DRT i , is uniformly distributed between 5 and 216 45 minutes. Each customer is willing to spend at most 1 hour in the vehicle, and each will also accept being dropped 217 off at most 20 minutes earlier than his or her DDT i . Consequently, a customer will be picked up at most 1 hour 20 218 minutes before DDT i .
219
Although the dwell score is a fuzzy number, "small" dwell time corresponds approximately to less than 25 min-220 utes, "medium" dwell time is more than 25 minutes but less than 50 minutes, and "big" dwell time is more than 50 computer.
225
In the first simulation, the Dial-a-Ride company has a fleet of 6 vehicles, and 100 customers request a ride.
226 Table 2 displays the results of this simulation. Most customers arrive at their destination close to their DDT i as they deficiency. Relaxing some constraints such as dropping customers off more than 20 minutes before their DDT i or 232 having customers spend more than 1 hour in the vehicle would allow the company to service more requests. In the second simulation, the company has a fleet of 30 vehicles, and 900 customers request a ride. Table 3 234 displays the results of this simulation with a larger fleet of vehicles. Twenty-six customers are rejected, giving the to process and find a vehicle for the next customer is also very short. When 100 customers are previously assigned to 245 6 vehicles, the algorithm assigns the 101st customer to a vehicle in 0.05 seconds on average. When 900 customers are 246 previously assigned to 30 vehicles, the algorithm assigns the 901st customer to a vehicle in 0.25 seconds on average.
233
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This numerical study suggests that FDARP can find a solution in a short enough time period that a Dial-a-Ride 
